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We study the ground-state properties of bosons loaded into the p-band of a one dimensional
optical lattice. We show that the phase diagram of the system is substantially affected by the
anharmonicity of the lattice potential. In particular, for a certain range of tunneling strength,
the full many-body ground state of the system becomes degenerate. In this region, an additional
symmetry of the system, namely the parity of the occupation number of the chosen orbital, is
spontaneously broken. The state with nonvanishing staggered angular momentum, which breaks
the time-reversal symmetry, becomes the true ground state of the system.
Confining ultracold gases in optical lattices has become
a standard experimental tool for studying strongly cor-
related many-body states [1, 2]. In the last decade it
became possible to arrange experiments in such a way
that they can mimic different ”toy-models” known from
condensed-matter physics. In this way, optical lattices
are truly becoming dedicated quantum simulators for the
study of different many-body configurations [3, 4]. In
this context, there is a recent interest in studying ultra-
cold atoms trapped in the higher bands of optical lattices
[5–7]. Such states can be prepared by loading ultracold
atoms into the higher bands [8–11] or via interaction-
induced interorbital transfer [12–16]. Atoms in such ex-
cited bands can give rise to a zoo of exotic phases, such
as exotic superfluidity with broken time-reversal symme-
try (TRS) [9–12, 17–22], dynamical topological insulators
[15], flat-band crystallization [23] etc.
In a theoretical treatment of Bose-Hubbard models the
harmonic approximation (HA) is often used to get the
first most important insight into the physics of the sys-
tem. Simplifying the Hamiltonian using a Gaussian basis
is the simplest route to checking for the possible phases
of the system. One expects that these states remain sta-
ble while the single-site symmetries are lowered by the
presence of the lattice, i.e. when going beyond the HA
approximation. However, it was shown that anharmonic-
ity may have important consequences when one studies
p-band physics [16, 21, 22]. In our Letter, we demon-
strate that the apparently technical and quantitatively
small change of harmonically approximated on-site func-
tions to the true orthonormal basis of Wannier states may
substantially change the phase diagram and many-body
physics in a nonperturbative way. We believe that this
finding is general for p-band physics and that the results
obtained in the HA should be interpreted with care.
As an example, we focus on a specific model for p-
orbital bosons in an effective one-dimensional (1D) opti-
cal lattice as introduced in Ref. [24]. In the HA, when
px and py orbitals are degenerate the system shows anti-
ferro-orbital ordering which break TRS in the limit of
small tunneling. This is due to the fact that the local
on-site Hamiltonian within the HA commutes with the
angular momentum operator for the lattice sites. This
is no longer true when one takes into account the full
complexity of the problem [25].
The Hamiltonian describing spinless bosons confined in
the optical lattice potential V(r) interacting via contact
interactions is
Hˆ =
∫
dr Ψˆ†(r)
[
− h¯
2
2m
∇2 + V(r) + g
2
Ψˆ†(r)Ψˆ(r)
]
Ψˆ(r).
(1)
The field operator Ψˆ(r) annihilates a boson at point
r. Parameter g describes the strength of the contact
interactions, and it is proportional to the s-wave scat-
tering length. We expand the field operator Ψˆ(r) in
a single-particle basis of maximally localized Wannier
states φα
i
(r):
Ψˆ(r) =
∑
i
∑
α
aˆα(i)φ
α
i
(r). (2)
The operator aˆα(i) annihilates a single boson at site i
occupying Bloch band α of the periodic potential. In the
case of a rectangular two-dimensional optical lattice, i.e.,
when
V(r) = Vx sin2(2pix/ax)+Vy sin2(2piy/ay)+mΩ
2
2
z2 (3)
the single-particle Hamiltonian is separable and Wannier
states are products of one-dimensional Wannier functions
φα
i
(r) = Wαxix (x)W
αy
iy
(y)Z0(z), where i = (ix, iy) and
2α = (αx, αy). We assume that the dynamics in the z
direction is completely frozen and that all bosons oc-
cupy the lowest state of the harmonic confining potential
Z0(z).
Note that our potential does not take into account the
slowly spatially varying harmonic trap typically present
in experiments, which may affect the properties of p-band
states [22]. In the following, we shall assume a uniform
filling of sites, thus explicitly excluding the additional
trapping. With care, such a situation may be realized
experimentally [26, 27].
The standard Bose-Hubbard Hamiltonian describing
the lowest band dynamics is obtained by restricting the
decomposition (2) to the lowest band only, i.e. αx =
αy = 0 [3, 4]. Here, we are interested in many-body
properties of bosons occupying higher orbitals of the op-
tical lattice. Therefore, we assume that the system is
prepared in such a way that all particles occupy only the
first excited Bloch band (p band) of the optical lattice.
We consider a highly nonsymmetric lattice with Vy ≫ Vx.
For large enough Vy, the tunneling in the y direction is
suppressed and an effectively one-dimensional chain is
obtained. The ratio ax/ay between lattice constants is
adjusted to preserve single-particle degeneracy between
the px and py orbitals at each lattice site. The bosons can
tunnel to neighboring sites along the x direction: the px
(py) orbital tunnels with amplitude tx < 0 (ty > 0) and
|tx| > |ty|. The difference in sign and magnitude of the
tunneling amplitudes is a direct consequence of the fact
that tunneling of a particle in py (px) orbital is equal to
the tunneling in the ground (excited) Bloch band of the
optical lattice in x direction. In the HA, the single-site
part of the Hamiltonian becomes rotationally invariant
since in that case the contact interactions between bosons
preserve the local rotational symmetry. In consequence,
for small tunneling, the ground state of the system is
doubly degenerate and in the thermodynamic limit the
system undergoes spontaneous symmetry breaking.
Here we reexamine the properties of the system tak-
ing into account the anharmonicity (and the resulting
anisotropy) of sites. We assume that bosons can occupy
only the p-band states of the one-dimensional optical
chain and we restrict the decomposition (2) to α = (1, 0)
and α = (0, 1). This neglects collisional couplings with
other modes, notably the resonant collisions in which
bosons from (0, 1) and (1, 0) modes are transferred to
the (0, 0) and (1, 1) modes [16]. Hopefully, such col-
lisions can be suppressed in optical lattice experiments
similarly to earlier works [8–10]. Here, we restrict our-
selves to p-band physics only. The annihilation opera-
tors for the two modes considered are denoted as aˆx(i),
aˆy(i). These operators annihilate bosons in the single-
particle Wannier states φxi (r) = W(1)i (x)W(0)i (y)Z0(z)
and φyi (r) = W(0)i (x)W(1)i (y)Z0(z), respectively. We
also introduce density operators nˆα(j) = aˆ
†
α(j)aˆα(j)
(α = x, y). Then the Hubbard-like Hamiltonian describ-
ing dynamics in the 1D chain is expressed as
Hˆ =
∑
j
Hˆ(j)−
∑
〈ij〉
[
txaˆ
†
x(i)aˆx(j) + tyaˆ
†
y(i)aˆy(j)
]
. (4a)
The local, on-site Hamiltonian Hˆ(j) has the form
Hˆ(j) =
∑
α=x,y
[
Eαnˆα(j) +
Uαα
2
nˆα(j)(nˆα(j)− 1)
]
(4b)
+
Uxy
2
[
4nˆx(j)nˆy(j) + aˆ
†
x(j)
2aˆy(j)
2 + aˆ†y(j)
2aˆx(j)
2
]
.
All U ’s denote contact interactions between appropri-
ate orbitals. Ex and Ey are single-particle energies,
which in general differ. It is obvious that the Hamilto-
nian commutes with the total particle number operator
Nˆ = Nˆx + Nˆy, where Nˆα =
∑
i nˆα(i). This is a property
not enjoyed by Nˆx and Nˆy separately, due to the last
two terms in the local Hamiltonian that transfer pairs
of bosons between different orbitals. Thus the Hamil-
tonian has global Z2 symmetry related to the parity of
the operator Nˆy (choosing Nˆx leads to the same con-
clusions) and it commutes with the symmetry operator
S = exp(ipiNˆy). To find the ground state of the system
(in the subspace spanned by the p-band states) one can
find the lowest energy states in the two eigen-subspaces
of S independently. Let us call these states |Geven〉 and
|Godd〉 with corresponding eigenenergies Eeven and Eodd
[subscripts even (odd) correspond to even (odd) numbers
of bosons in orbital y]. Finally, one can choose the state
with lower energy as the global ground state (GS) of the
system. In principle it may happen that both ground
states have the same energy. In such a case, any super-
position cos(θ)|Geven〉 + sin(θ)eiϕ|Godd〉 is a ground state
of the system. As explained later, in the thermodynamic
limit this U(1)×U(1) symmetry is spontaneously broken
to Ising-like Z2 symmetry, and only one of two macro-
scopic states can be realized.
Now, let us discuss the role of the anharmonicity of the
lattice potential. To be specific, we take lattice depths
Vx/ER,x = 6, Vy/ER,y = 24 and filling ν = 3/2, where
ER,α = 2pi
2h¯2/ma2α. The single-particle energies Ex and
Ey, can be equalized , even for different lattice depths
by changing the lattice constants ax and ay. For chosen
Vx, Vy one can show in the HA that ax/ay = 1/
√
2 leads
to equal single-particle energies. Nevertheless, the ratio
ax/ay calculated directly in the basis of Wannier func-
tions differs from that value (see Fig. 1(a)), and for the
example studied it is approximately equal to 0.65.
Importantly, the anharmonicity also dramatically
changes the contact interactions. Since the wave func-
tions of p orbitals are products of one-dimensional func-
tions, the ratios Uxx/Uyy and Uxy/Uyy do not depend on
the lattice constants ax and ay. They are functions of
dimensionless lattice depths Vx/ER,x and Vy/ER,y only.
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FIG. 1: (color on-line) Influence of the anharmonicity on the
parameters of the Hamiltonian. (a) The ratio ax/ay in the
HA (dotted blue line) and in the Wannier basis (solid red
line) that equalizes single-particle energies Ex = Ey. (b) The
ratio Uxx/Uyy (thick red line) and 3Uxy/Uyy (thin black line)
calculated for exact Wannier functions. In both plots we take
Vy/ER,y = 24. The dotted vertical line indicates the case
Vx/ER,x = 6 studied in the text. In the HA, both quantities
are equal to 1.
Moreover, in the HA they are equal to 1 and 1/3, respec-
tively, independently of the lattice depths. This simple
observation indicates that the HA may be valid only in
the very deep lattice regime. It is straightforward to
show that in the HA the Hamiltonian Eq. (4) reduces
to a Hamiltonian that preserves angular momentum in
each lattice site independently. The precise values of the
ratios Uxx/Uyy and Uxy/Uyy calculated from appropriate
Wannier wave functions are presented in Fig. 1(b). We
see that whenever dimensionless lattice depths are dif-
ferent, one finds Uxx 6= Uyy. Moreover, even for equal
lattice depths, the contact interaction Uxy is never equal
to Uxx/3. It means that the harmonic limit can not be
reached in any realistic optical lattice, and rotational in-
variance of local lattice sites does not hold.
The violation of local rotational invariance is clearly
visible when we change the single-particle basis from
the Cartesian to the angular one. By introducing
angular-momentum-like annihilation operators aˆ±(j) =
[aˆx(j)± iaˆy(j)] /
√
2 the local part of the Hamiltonian Eq.
(4) can be written in the form
Hˆ(j) =
U
2
[
nˆ(j)
(
nˆ(j)− 2
3
)
− 1
3
Lˆ2z(j)
]
+ δ
[
(nˆ(j)− 1)
(
Lˆ+(j) + Lˆ−(j)
)]
+ λ
[
1
4
Lˆ2z(j)− 3
(
Lˆ+(j)− Lˆ−(j)
)2
− nˆ(j)
]
(5)
where U = (Uxx + Uyy)/2, δ = (Uxx − Uyy)/2, and
λ = Uxy − U/3 with nˆ(j) = aˆ†+(j)aˆ+(j) + aˆ†−(j)aˆ−(j),
and angular momentum operators Lˆz(j) = aˆ
†
+(j)aˆ+(j)−
aˆ†−(j)aˆ−(j), Lˆ±(j) = aˆ
†
±(j)aˆ∓(j)/2. In the HA λ =
δ = 0 for any lattice parameters [Hˆ(j), Lˆz(j)] = 0, and
the eigenvalues of Lˆz(j) become good quantum numbers.
However, for the optical lattice potential (3), we find that
λ, δ 6= 0, and consequently [Hˆ(j), Lˆz(j)] 6= 0, breaking
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FIG. 2: (color on-line) (a) Filling and hopping of the px (red
line) and py (blue line) orbitals for ν = 3/2 obtained with the
ED method on a lattice with L = 6 sites. Results agree with
corresponding results obtained for L = 4 (thick black lines)
and DMRG calculations (not shown since practically indistin-
guishable from ED data). (b) The energy difference between
the two ground states in even and odd subspaces of the eigen-
states of the symmetry operator S . The energies are obtained
with the ED method on the lattice with L = 4, 6, and 8 sites
(thin black, dashed blue, and thick red lines, respectively).
Note that corresponding lines cross the zero energy L times.
(c) Expectation value of the staggered angular momentum
Lˆz/L as a function of tunneling obtained with DMRG on the
lattice with L = 64 sites. Nonvanishing value of Lˆz is present
only in the region where the ground state is degenerate. In
all figures the shaded region denotes the range of tunnelings
where the ground state of the system is degenerate in the
thermodynamic limit.
the local axial symmetry.
The properties of the ground state crucially depend on
the contact interactions. As an example, we revisit the
case of total filling ν = 3/2. We performed exact diag-
onalization (ED) in the full many-body basis (the basis
formed by all Fock states |n1, . . . , nL〉 with
∑
i ni = νL)
on the lattice with L = 4, 6, and 8 sites and periodic
boundary conditions. In the HA we find that for small
tunnelings, the GS of the system is degenerate, i.e. both
ground states |Geven〉 and |Godd〉 have the same energy.
In this way we reproduce the results of the HA. How-
ever, when the anharmonicity is taken into account, the
GS looses its degeneracy [Fig. 2(a)]: in the limit of small
tunnelings, the GS becomes the insulating state in the py
orbital with one boson per site and the fractional super-
fluid state in the px orbital. Moreover, we do not find any
4significant correlations 〈a†x(j)ay(j)〉 in this limit. In con-
trast, we find that for large tunneling all particles occupy
the px orbital in the superfluid phase. This is manifested
by a large hopping correlation hx
hα =
1
L
∑
j
〈a†α(j)aα(j + 1)〉, (6)
where α = x, y. These results were confirmed for a larger
L = 64 system using a density matrix renormalization
group (DMRG) approach [28, 29].
The most interesting scenario is realized for intermedi-
ate values of the tunneling. As is visible in Fig. 2(a), the
balance Nx −Ny has the opposite sign in the two limit-
ing cases (tx → 0 and |tx| → ∞). Therefore, there exists
a particular tunneling value for which both orbitals are
balanced. To check this point we plot the energy differ-
ence between ground states Eodd − Eeven as a function
of tunneling for different lattice sizes [Fig. 2(b)]. We
find that near the balanced tunneling point both ground
states are degenerate. In fact, increasing the lattice size
L, we find that degeneracy occurs for exactly L different
values of the tunneling within a certain finite range. The
range of tunneling for which Eodd − Eeven = 0 does not
grow with lattice size, but saturates. Because of this ob-
servation, we claim that in the thermodynamic limit the
degeneracy of the ground state is recovered in a certain
well-defined range of tunnelings. In this region, when-
ever the tunneling is changed, one particle is transferred
between orbitals to minimize the energy. Since there is
no corresponding term in the Hamiltonian, this transfer
is directly related to the flip from one eigenspace of S to
the other.
In the region of tunneling-induced degeneracy both
ground states |Geven〉 and |Godd〉 have the same energy.
However, in the thermodynamic limit, due to the einse-
lection principle [30], the macroscopic state that is real-
ized physically should exhibit as low an entanglement as
possible. To find this state, we look for such a combina-
tion of ground states in which the entanglement entropy
for one lattice site is the lowest. We minimize the von
Neumann entropy defined as S(θ, ϕ) = −∑i λi lnλi as
a function of angles θ and ϕ, where the λ values are
the eigenvalues of the reduced density matrix for a single
lattice site. With this procedure we find two orthogo-
nal ground states |G±〉 = (|Geven〉 ± i|Godd〉)/
√
2 with the
lowest entropy. For these states the reduced density ma-
trix has two dominant eigenvalues λ1 = λ2 ∼ 1/2, which
vary only insignificantly with the tunneling. The same
two states minimize the von Neumann entropy of a sub-
system of two lattice sites. There, the reduced density
matrix has three dominant eigenvalues λ1 = λ2 ∼ 1/3
and λ3 ∼ 1/6.
This situation is very similar to the situation in the
standard Ising system in transverse field. In that case,
the system also has the additional symmetry of flip-
ping all spins. After diagonalization of the Hamilto-
nian in two independent eigen-subspaces of the sym-
metry operator, one finds two degenerate ground states
|±〉 = (|UP〉 ± |DOWN〉)/√2, where |UP〉 and |DOWN〉 de-
note states with all spins up and down, respectively. In
the thermodynamic limit, due to the einselection princi-
ple, the symmetry of the ground state is spontaneously
broken and only the |UP〉 or |DOWN〉 state can be physi-
cally realized. From this perspective, our system also has
Ising-like Z2 symmetry connected to the symmetry op-
erator S. This symmetry is spontaneously broken in the
thermodynamic limit to one of the two states |G±〉. Note,
however, that in contrast to the usual Ising model, the
broken symmetry states are complex superpositions. This
is a very unusual situation since the original Hamiltonian
in the Cartesian basis as well as in the angular momen-
tum basis is represented by a purely real matrix. Com-
plex superpositions appear only due to the additional
assumption that ”Schro¨dinger cat” states can not be ob-
tained in the thermodynamic limit. This assumption has
nontrivial consequences. The macroscopic ground state
has nonvanishing correlations Cαβ(j) = 〈a†α(j)aβ(j)〉 for
α 6= β (being a superposition of states with different
Nx values). In addition, the nontrivial complex factor
in the ”superposed” state is responsible for a sign in-
version symmetry of the correlations Cxy(j) = −Cyx(j).
These facts lead directly to the observation that the bro-
ken symmetry ground state violates TRS since this is the
state with a nonvanishing expectation value of staggered
angular momentum operator Lˆz =
∑
j(−1)jLˆz(j) [Fig.
2(c)].
To conclude, we have shown that anharmonicity of the
optical lattice sites plays a crucial role when one studies
the orbital properties of the system. The assumption of
harmonicity for lattice sites is highly oversimplified, since
it leads directly to a rotational invariance of the local
Hamiltonian in all possible arrangements of the optical
lattice. We show that in asymmetric rectangular lattices
it is possible to obtain degeneracy between the single-
particle energies of p orbitals by a proper adjustment
of the lattice parameters. However, this degeneracy of
the single-particle levels is always lifted by anharmonic-
ity when contact interactions are taken into account.
Instead, we identify another symmetry operator corre-
sponding to eigenstates containing even and odd num-
bers of particles in specific p orbitals. We find that the
degeneracy between them is dynamically restored due to
tunneling. Additionally, we show that in the thermody-
namic limit, the ground state breaks TRS along with the
U(1)× U(1) symmetry down to Ising-like Z2 symmetry.
Examples of such tunneling-induced restoration of the de-
generacy and resultant breaking of symmetry are quite
rare in condensed-matter physics, though such cases are
known in high-energy physics (i.e., the Schwinger mech-
anism for dynamical generation of mass). The studied
system can be probed experimentally by trapping ultra-
5cold atoms in an optical lattice setup.
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